Correlation functions of dimer operators, the product operators of spins on two adjacent sites, are studied in the spin-1 2 XXZ chain in the critical regime. The amplitudes of the leading oscillating terms in the dimer correlation functions are determined with high accuracy as functions of the exchange anisotropy parameter and the external magnetic field, through the combined use of bosonization and density-matrix renormalization group methods. In particular, for the antiferromagnetic Heisenberg model with SU(2) symmetry, logarithmic corrections to the dimer correlations due to the marginally-irrelevant operator are studied, and the asymptotic form of the dimer correlation function is obtained. The asymptotic form of the spin-Peierls excitation gap including logarithmic corrections is also derived.
I. INTRODUCTION
The one-dimensional (1D) model of S = 1 2 spins with anisotropic exchange interaction, the spin- 2 operator at the lth site, L is the number of spins, ∆ is the anisotropy parameter, and h is the external magnetic field. The exchangecoupling constant is assumed to be positive, J > 0. The XXZ chain is an important toy model, from both experimental and theoretical viewpoints, for understanding magnetic properties of various (quasi-)1D materials.
An intriguing feature of the XXZ chain is that it realizes a quantum-critical Tomonaga-Luttinger liquid (TLL) for a large region in the two-dimensional parameter space (∆, h). [1] [2] [3] In the TLL phase of the XXZ chain, strong quantum fluctuations prevent spontaneous breaking of continuous symmetries even at zero temperature; in the resulting critical ground state, correlation functions have power-law dependence on the distance or time. For example, the equal-time spin-spin correlation functions in the ground state of the XXZ chain in the TLL phase have the asymptotic forms, 
The amplitudes A 5-12 The dynamical spin-structure factors of the XXZ chain have also been calculated. 13 In this paper, we focus our attention on correlation functions of the product of two adjacent spins, 
where S 
where a = ±, z. The exponent 1/η of the first term on the right-hand side is the same as that of the first term in Eq. (2b). Thus, the oscillating term in the dimer correlation function is as important as the oscillating component in the longitudinal spin correlation in the TLL phase. These two terms are related to the same vertex operators exp(±i √ 2πφ) in the low-energy effective theory [see related discussion below Eq. (8) ]. The dimer correlation is also important as a measure of the instability towards spin-Peierls order.
14 In the spin-Peierls phase where there is a small alternation in the magnitude of the exchange interaction J, spin excitations have an energy gap whose size and scaling are directly related to the dimer correlation in the spin chain without the alternation in J [the first term in Eq. (5)]. To the best of our knowledge, the exact values of the correlation amplitudes B a 1 are not known, and so far they are only numerically estimated from the exact diagonalization of small systems. 15 Experimentally, the dynamical structure factor of the dimer operators can be probed in the optical absorption spectrum 16 and resonant inelastic x-ray scattering. 17, 18 Accurate evaluation of the dynamical structure factor of the dimer operators has been performed using the algebraic Bethe ansatz combined with numerical computation.
19,20
The purpose of this paper is to numerically determine the amplitudes B a 1 of the leading term in Eq. (5) to very high accuracy. This is achieved by combining the powerful analytical and numerical approaches available for 1D systems: bosonization and density-matrix renormalization group (DMRG) methods. The bosonization method provides the low-energy effective theory of the XXZ spin chain. [1] [2] [3] We calculate the ground-state expectation values of the dimer operators in finite spin chains with open boundaries using the bosonization and DMRG methods. The numerical data from the DMRG calculation are fitted to the corresponding formulas from the bosonization; this allows us to obtain accurate numerical estimates of the amplitudes B a 1 . Another important result of this work concerns the dimer correlations in the SU(2) symmetric case where ∆ = 1 and h = 0 in Eq. (1) . In this case, a marginallyirrelevant operator in the low-energy effective theory leads to logarithmic corrections in various physical quantities. An interesting example is a spin excitation gap in the antiferromagnetic Heisenberg spin chain with weak bond alternation. Since the gap is directly related to the dimer correlation, we can determine, from the scaling analysis of the excitation gap, the amplitude of the leading dimer correlation with a multiplicative logarithmic correction; our result is consistent with a recent numerical estimate reported in Ref. 21 . We also derive the asymptotic form of the excitation gap in the bondalternating Heisenberg chain.
The organization of the rest of the paper is as follows. In Sec. II we focus on the case of vanishing magnetization M = 0 (h = 0) and easy-plane anisotropy |∆| < 1. The correlation amplitudes B a 1 are obtained as a function of the anisotropy ∆. In Sec. III we discuss the SU(2) symmetric case and derive the asymptotic forms of the dimer correlation function and the spin-Peierls excitation gap with the logarithmic correction. In Sec. IV we present the correlation amplitudes B a 1 in the partially-polarized case 0 < M < 1/2. Section V is devoted to a summary and concluding remarks.
II. XXZ CHAIN IN ZERO MAGNETIC FIELD

A. Theory
In this section, we consider the XXZ model in Eq. (1) for −1 < ∆ < 1 and h = 0. In this parameter regime, the low-energy effective theory is a free-boson theory, i.e., the Gaussian model,
where φ(x) and θ(x) are bosonic fields that are dual to each other and satisfy the commutation relation
The operators in the integrand in Eq. (6) are normal-ordered, as indicated by the colons. The parameter η is given by Eq. (3), and the renormalized spin velocity v is related to ∆ (and η) as
We set the lattice spacing to unity so that the continuous coordinate x can be identified with the lattice index l. We note that in the effective Hamiltonian (6), we have discarded symmetry-allowed operators which are irrelevant in the renormalization-group sense. Among those operators, the leading irrelevant term g cos( √ 8πφ) has scaling dimension 2/η and becomes marginally irrelevant at the SU(2)-symmetric point (∆ = 1 and h = 0), yielding the logarithmic corrections. Therefore, our results presented below (in this section and Sec. IV) may include systematic errors near the SU(2) point due to the leading irrelevant cosine term. The SU(2)-symmetric case will be discussed in Sec. III, where the effect of the marginally irrelevant perturbation g cos( √ 8πφ) is taken into account. The dimer operators defined in Eq. (4) are expressed in terms of the bosonic fields as
where
is the center position of two spins forming dimer operators. Note that the second term on the right-hand side is a cosine of the field φ, so that the ground-state expectation value of Eq. (8) with the Dirichlet boundary condition (17) correctly yields the Friedel oscillations near the open boundaries, as we will see in Eqs. (23) and (26) . Incidentally, the bosonization of the z-component of the spin operator, S z l , has (−1) l sin( √ 2πφ). 9,11 A higher-order term (∝ cos √ 8πφ) is also included in Eq. (8) Since a linear combination of the dimer operators, 2O
, is nothing but the exchange interaction in the XXZ model (1) at h = 0, the coefficients of the uniform terms in Eq. (8) are related to the ground-state energy and the parameters in the low-energy effective Hamiltonian of the model. Then, using the HellmannFeynman theorem, the coefficients c a 0 are related to the ground-state energy density e 0 of the XXZ chain,
Substituting the exact ground-state energy density e 0 obtained from the Bethe ansatz, [24] [25] [26] 
into Eq. (9) gives
where the integrals I 1 and I 2 are given by
Similarly, comparing the third and fourth terms in Eq. 
These relations, together with Eqs. (3) and (7), determine c a φ and c a θ :
Note that these coefficients diverge at the SU(2) isotropic 
The explicit form of g in the effective Hamiltonian for −1 < ∆ < 1 and h = 0 is given in Ref. 8 and used in numerical studies. 27, 28 We will not consider the higher-order harmonics c a g cos( √ 8πφ) anymore in this section, because its contribution (∝ r −4/η ) in Eq. (5) decays faster than the other terms for η < 1.
In contrast to the coefficients of the uniform part discussed above, the exact formula for the coefficients c a 1 in Eq. (8) is not available, except for the free-fermion point ∆ = 0,
In order to evaluate c 
Since the low-energy theory is the Gaussian model in Eq. (6), we expand the bosonic fields with harmonic oscillator modes as
The parameter α is a small positive constant that is introduced for regularization. The fields φ(x) and θ(x) in Eq. (18) 
The ground state |0 is a vacuum of the bosons a n and the zero mode φ 0 : a n |0 = φ 0 |0 = 0.
Using the mode expansions in Eq. (18), the groundstate expectation values of the operators that appear in Eq. (8) can be obtained as
Here we have defined
which is simplified to f (x) = |x| in the thermodynamic limit L → ∞. We have used the regularization
in Eq. (19a), such that the two-point function of vertex operators has the form
Note that we have not normal-ordered the operators on the left-hand side of Eqs. (19b) and (19c), so that we can obtain the finite-size corrections ∝ 1/(L+1) 2 coming from the zero-point energy of the harmonic oscillators. In this calculation we have used ζ(−1) = −1/12 and taken the α → 0 limit, assuming that singular contributions proportional to α −2 are already included in the groundstate energy density e 0 .
From Eqs. (8) and (19), we find that the ground-state expectation values of the dimer operators in finite open chains are given by
The constants c a 0 are given in Eq. (11) . We note that c 
and are written explicitly as
We will use these results in the next section to estimate the unknown coefficients c a 1 from numerical data. We note that Eq. (23) is simplified to
This should be contrasted with the two-point functions of the dimer operators in Eq. (5), which are calculated in the bulk (away from boundaries). The boundary exponents in Eq. (26) are half the bulk exponents in Eq. (5). Finally, the asymptotic forms of the dimer correlation functions [Eq. (5)] can be derived by calculating the correlation functions in finite open chains using Eqs. (8) and (18) and taking the thermodynamic limit L → ∞. The correlation amplitudes in Eq. (5) are given in terms of the coefficients c a j by
B. Numerical results
In this section, we present numerical results on the ground-state expectation values of the dimer operators in the XXZ chain (1) with open boundaries at zero magnetic field h = 0. The numerical data shown here and in the following sections were obtained using the DMRG method. The number of block states required to achieve a desired accuracy depends on the model parameters. We typically kept a few hundred states (555 states in the most severe case) and checked that the obtained data had enough accuracy for the subsequent analysis described below.
In order to estimate the coefficients c 
where the exact values given in Eqs. (11) and (25) f (2l+1)
Staggered part of the expectation value of the dimer operators (a) (−1) 2 /2 of the leading staggered term of the dimer correlation functions are presented in Table I and Fig. 3 .
C. Application
The high-precision data of the coefficients c a 1 can be used for quantitative analysis of physical quantities related to the dimer operators, including spin-Peierls instability, dynamical structure factors of dimer correlations, and interchain dimer-dimer couplings in quasi-1D systems. As an example of such applications, we discuss the excitation gap in the XXZ chain with bond alternation in this section.
Let us consider the bond-alternating spin-1/2 XXZ 
with
.
Note that the parameter η and the spin velocity v are functions of ∆ [see Eqs. (3) and (7)]. Thus, with the estimates of c a 1 obtained in Sec. II B, we can determine the excitation gap from Eqs. (32) and (33) without any free parameter.
To confirm this theory, we numerically calculated the excitation gap E g (δ) for ∆ = 0.5 and δ = 2 −3 , ..., 2
−10
using the DMRG method. The gap E g (δ) was obtained as follows. We first calculated the excitation gap for finite open spin chains of various lengths up to L = 3200, using the relation
where E 0 (δ; L, S z tot ) is the lowest energy in the subspace in which the total magnetization l S z l = S z tot . We thus obtained a set of data E = {E g (δ, L)|L = 100, 200, . . . , 3200}. For three different subsets of E we fit
2 , to obtain the extrapolated value E g (δ, ∞) for each subset of E. We took the average of E g (δ, ∞) for the subsets as the final estimate of E g (δ). The error in E g (δ), which is estimated from the difference between the final estimate E g (δ) and the extrapolation E g (δ, ∞) for the subsets of E, is less than 3.9 × 10 −5 J. In Fig. 4 , we show E g (δ), together with a plot of Eq. 
III. SU(2) SYMMETRIC CASE
In this section we discuss the SU(2) symmetric case where ∆ = 1 and h = 0 in Eq. (1) . In this case the marginally irrelevant operator in the low-energy effective theory brings about logarithmic corrections in various physical quantities. [1] [2] [3] 6, 21, 33 For example, the leading behavior of the dimer correlation function is
for r ≫ 1, where B 1 is a constant common to a = ±, z. This behavior can be understood within the scheme of the previous section as follows; in the SU(2) symmetric limit, the correlation amplitude B 1 = (c 1 ) 2 /2 is renormalized and acquires logarithmic dependence on the length or energy scale of interest. Namely, B 1 ∝ (ln r) −3/2 and c 1 ∝ (ln r) −3/4 . In the following, we reversely employ the analysis of Sec. II C; that is, we deduce the amplitude B 1 from the dependence of the excitation gap E g on the bond alternation δ.
Let us consider the Heisenberg spin chain with the bond alternation [Eq. (30) with ∆ = 1]. The low-energy effective Hamiltonian is written in terms of the bosonic fields as
where H 0 is the Gaussian model in Eq. (6) and c 1 = c
It is important to note that we have included the marginally irrelevant term, g dx cos[ √ 8πφ(x)], in the effective Hamiltonian. In the absence of the bond alternation (δ = 0), the coupling constant g is renormalized to zero as g ∼ [ln(J/E)] −1 with decreasing energy scale E. When the bond alternation is present, δ = 0, the renormalization of the coupling constant g is stopped at the energy scale of the excitation gap E g , where g takes a finite value. Using the renormalization-group scheme from Ref. 6 , the relation between the gap E g and the running coupling constant g can be chosen as
where γ E ≃ 0.5772... is the Euler constant. We suppose that the gap formula of Eqs. (32) and (33) holds also in the SU(2) symmetric case and that logarithmic corrections manifest themselves through the renormalized coefficient c 1 . Thus, we substitute η = 1 and v = πJ/2, which are the fixed-point values in the SU(2) case in the absence of the bond alternation, into Eqs. (32) and (33) . Then we write
We have defined C(g) in such a way that the prefactor g 3/4 in Eq. (38) incorporates the scaling c 1 ∝ g 3/4 at g ≪ 1. It is then natural to expect that C(g) should be expanded in powers of g,
for g ≪ 1.
In order to estimate the constants C 0 , C 1 , and C 2 in Eq. (40), we calculated numerically the excitation gap E g (δ) in the bond-alternating chain (30) with ∆ = 1 and δ = 2 −10 , ..., 2 −3 , 0.2, ..., 0.8 using the DMRG method. Previous works have obtained the excitation gap E g (δ, L) for L 200 spins. 34, 35 Here, we computed E g (δ, L) for the finite open chains up to L ≤ 3200 (L ≤ 800) spins with 2 −10 ≤ δ ≤ 2 −3 (0.2 ≤ δ ≤ 0.8). We then extrapolated the data to L → ∞ in the same manner as in Sec. II C and obtained the estimate of the gap E g (δ) in the thermodynamic limit. The error in E g (δ) is estimated to be less than 1.5 × 10 −5 J. The numerical results for E g (δ) are shown by open circles in Fig. 5 .
Having determined E g (δ) numerically, we use Eq. (37) to obtain the renormalized coupling constant g as a function of δ. Then we substitute E g (δ) and g(δ) into the right-hand side of Eq. (39) to obtain C(g) for each δ calculated. In Fig. 6 , we plot the so-obtained C(g) (open circles). As clearly shown in Fig. 6 , when plotted as a function of g 2 , C(g) exhibits a linear behavior and approaches unity as g 2 → 0. Fitting C(g) of the nsmallest g (n = 4 − 8) to Eq. (40) while assuming C 1 = 0 and neglecting the higher-order terms O(g 3 ), we obtain 0.995 ≤ C 0 ≤ 0.998. These results indicate that C 0 = 1 and C 1 = 0. Then fitting C(g) while assuming C 0 = 1 and C 1 = 0 yields C 2 ≃ 1.80(3). The results obtained above lead to the following expression for the excitation gap. From Eqs. (39) and (40), we can write the bond alternation δ in terms of E g and g as
where we have substituted C 0 = 1 and C 1 = 0 in Eq. (40) and omitted the higher-order terms O(g 3 ) in C(g). Equations (37) and (41) give a parametric representation of E g (δ) in terms of g. In Fig. 5 , we plot the gap E g (δ) calculated from Eqs. (37) and (41) . Clearly, the theoretical curve reproduces the numerical data. We emphasize that the agreement between the theory and numerical data is excellent even at the large bond alternation, δ → 1, suggesting that the effect of the higher-order terms O(g 3 ) in C(g) on the excitation gap E g (δ) is negligible. Our theory with Eqs. (37) and (41) thereby provides accurate values of E g (δ) for the whole range of the bond alternation 0 < δ ≤ 1.
In addition, the above theory allows us to derive the long-distance behavior of the dimer correlation function in the uniform Heisenberg chain [Eq. (1) 2 /2 and replacing g by (ln r) −1 , we obtain
where a = ±, z (no summation is taken for the repeated index a). Note that the correlation functions of O 
IV. XXZ CHAIN WITH NONZERO MAGNETIZATION
A. Theory
In this section, we study the XXZ chain (1) in the TLL phase with a partial spin polarization under finite external field h c < h < h s . Here, h c is the lower critical field (h c = 0 for −1 < ∆ ≤ 1 and h c > 0 for ∆ > 1), while h s = J(1 + ∆) is the saturation field. The low-energy effective theory in this case is the Gaussian model (6) again. In the partially polarized state with 0 < M < 1/2, the Fermi momentum k F of the Jordan-Wigner fermions is shifted from the commensurate value k F = π/2 at M = 0 to the incommensurate one k F = π( 
for a = ±, z. The wave number Q of the leading oscillating term is Q = 2πM in the limit L → ∞.
In the same manner as in Sec. II A, we can calculate the ground-state expectation values of the dimer operators in Eq. (4) in finite chains with open boundaries. For the partially polarized state, we find it necessary to optimize the positions at which the Dirichlet boundary condition is imposed, in order to achieve a better fitting of the numerical data. 36, 37 We thus employ the Dirichlet boundary conditions φ(x 0 ) = φ(L + 1 − x 0 ) = 0, instead of Eq. (17) . Accordingly, the one-point functions of the dimer operators become
. (45) The parameter η can be determined exactly by solving the integral equations obtained from the Bethe ansatz. 23, 38, 39 We have kept the last term (∝ c , and c a g , are related to the ground-state energy density e 0 , the spin velocity v, the exponent η, and the coupling constant g through equations similar to Eqs. (9), (13) , and (15), while explicit closed formulas for e 0 , v, η, and g are not available for 0 < M < 1/2. On the other hand, the exact values of the coefficients c a 1 of the oscillating terms are not known except for the free-fermion case ∆ = 0,
We will determine the coefficients c a 1 in the following numerical analysis.
B. Numerical results
Using the DMRG method, we calculated the expectation values of the dimer operators O a d (l) in the partiallypolarized ground state of the XXZ chain (1) with L = 100, 200, and 400 spins for fixed magnetization M . We then fit the data to the analytic form (44) by taking c
, and x 0 as fitting parameters. 40 The exponent η was obtained from the Bethe ansatz integral equations. We show in Fig. 7 the DMRG data and the fitting results for ∆ = 0.5 and M = 0.16. (The data for the small system L = 100 are shown for clarity.) The agreement between the DMRG data and the fits is excellent, which demonstrates the validity of Eq. (44) and justifies our scheme for estimating c Another interesting feature found in Fig. 8 is that the curves of B 
V. CONCLUSION
We have studied the dimer correlation functions in the ground state of the spin-1/2 XXZ chain in the critical Tomonaga-Luttinger-liquid regime. We have determined with high accuracy the amplitudes of the leading oscillating terms of the dimer correlation functions in the XXZ chain for both zero and finite magnetic fields, using the bosonization and DMRG methods. We have also investigated the dimer correlations and the spin-Peierls instability in the SU(2) symmetric chain (i.e., the antiferromagnetic Heisenberg model in zero field), in which the marginally-irrelevant operator in the low-energy effective Hamiltonian yields logarithmic corrections. We have derived the asymptotic formula for the excitation gap in the SU(2) symmetric chain with bond alternation and numerically determined the coefficients of the first few terms in the formula expanded in powers of the coupling constant. From the formula of the gap, we have obtained the asymptotic power-law behavior of the dimer correlation function with a multiplicative logarithmic correction, Eq. (42).
The dimer correlation amplitudes obtained in this work can be used for quantitative study of physical properties related to the dimer operators, such as the spin-Peierls instability, dynamical structure factors of dimer operators measured in resonant inelastic x-ray scattering experiments, the effects of weak interchain dimer-dimer interactions in quasi-1D systems, etc.
Supplemental Material for "Dimer correlation amplitudes and dimer excitation gap in spin-1/2 XXZ and Heisenberg chains" 
